1.
Introduction. It is well-known that a number of steady state problems in fluid mechanics involving systems of nonlinear partial differential equations can be reduced to the problem of solving a single operator equation of the form where H is a n appropriate (real or complex) Hilbert space. Here X is a typical "load" parameter, e.g., the Reynolds number, A is a linear operator and B is a quadratic operator generated by a bilinear form. In this setting many bifurcation and stability results for problems in fluid mechanics have been obtained and the reader is referred to [I; 10; 11; 211 and the bibliographies therein for a detailed account of such results.
In fact, there may be considerably more structure in a nonlinear stability Droblem in fluid mechanics than that implied by a n operator equation such as (1.1). As shown in a recent series of papers by the authors [12;13;19], a ''structure" parameter, say 7, also may be present so t h a t equation (1.1) may be actually of the form (*I U -X(L--.YM)U -F(u) -~G ( u ) = 0, u E H , X E R', 7 
where H is again a n appropriate Hilbert space, L and M are linear operators, and F and G are generated by bilinear operators. Equations of the form (*) are derived in [12; 13] for B6nard-type convection problems and in [19] for the Taylor problem. It is the purpose of the present paper to describe a setting in which it is possible t o determine a complete set of bifurcation equations for a n operator equation of the form (*) by using the structure parameter y as a n "amplitude" parameter rather than regarding y as merely a constant t o be incorporated into the operators M and G in (*). Complete bifurcation diagrams are obtained by such a n approach because, e.g., the "reduced" bifurcation equations contain linear as well as bath quadratic and cubic terms. This is in contrast to many other approaches in bifurcation theory based upon splitting methods (e.g., see [lo; 11; 18; 211) in which either linear and quadratic or linear and cubic terms appear in the reduced equations. In this sense the spirit of the approach presented here is somewhat like t h a t of singularity theory as in Golubitsky & Schaeffer [i'], however, our approach also has points in common with those in Busse [2] and Chow, Hale & Mallet-Paret [4; 51. The present paper emphasizes the identification and utilization of structure parameters in fluid mechanics but the approach presented here applies equally well t o general classes of bifurcation problems provided t h a t such problems have appropriate "higher order'' terms (e.g., see the general class of variational problems studied in [14) ).
The following hypotheses are chosen to illustrate our approach with a minimum number of technical difficulties. We consider equation (*) under the following hypotheses in which H is a real Hilbert space with norm II II generated by a n inner product ( , ). The assumption in (Hl) t h a t dimN = 1 is made merely for the sake of convenience; more general settings with d i m N > 1 niay be treated along the lines in [la; 13; 191, $51 (see also [IS]).
Remark 1.1. In many problems in fluid mechanics the bilinear operator @ in (H4) will be generated by the nonlinear term (;-V)y in the Navier-Stokes equations. If so, then @ satisfies the additional condition 
. .
The outline of the paper is as follows. In Section 2 we make use of 7 as a n amplitude parameter and derive the bifurcation equation associated with (*) under hypotheses ( H l ) through (H4). In Section 3 the bifurcation equation is solved under a n additional invariance assumption on the remainder term and, for each ikd 7 sufficiently small, a complete bifurcation diagram is obtained.
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In Section 4 we use the above approach to study rotating Couette-Poiseuille channel flow. We show, in particular, that the superposition of a Poiseuille flow on a rotating Couette channel flow is, in general, destabilizing. This type of result was conjectured in [17] for non-rotating combined Couette-Poiseuille flow on the basis of numerical calculations for the linearized Navier-Stokes equations.
T h e bifurcation equation. The bifurcation equation associated with
(*) is derived here using standard splitting methods except t h a t the structure parameter 7 plays the role of a n amplitude parameter. Note that if, for fixed y satisfying 171 < yo, (P*,r*,y) is a solution of (2.4) with 1 .
is a solution of equation (*).
In the next section we solve the bifurcation equation . In many problems of the type considered here the remainder term r in (2.5) may satisfy additional properties. E.g., because of invariance and symmetry considerations, r may have the form where s is analytic and s and its partials with respect to p and T are uniformly of order O(y) as y ---* 0; one has, e.g.,
for some so depending only on p. In such problems the bifurcation equation for y near 7 = 0, hence solutions (v*, A*) of (*) in the form (2.7), by means of the implicit function theorem. We have, e.g., the following result. (v*(p), X*(P)) E H X R1 is a n immediate consequence of the above cons t r uc t ion. (v*(P), A*(@)) of (*) obtained in Theorem 3.1 is stable for
We wish to emphasize that, for each fixed 7 sufficiently small, the solution branches of the bifurcation equation (2.4) obtained in the above discussion We shall seek solutions of (4.1) that are perturbations of v and P, and are independent of x. Setting v = v + VJ, p' = P + q in The equations in (4.9) are4 closely related t o those for the generalized B6nard problem studied in [12; 131. In carrying out the analysis below for rotating Couette-Poiseuille flow we shall make repeated use of this relationship.
We next introduce a n appropriate Hilbert space setting in which t o seek solutions of (4.9) t h a t are periodic in z. Given a positive number Q (to be specified below in (4.22)) we set (v,w) = J c yvj-ywj .
R j=1
Here and in the sequel, whenever possible, the vector notation y is suppressed when dealing with elements of H .
To formulate the problem as a n operator equation in H , we take the scalar product of (4.9a) through ( 4 . 9~) with w E H , and use (4.10) and integration by parts to obtain L, = L -yM, 
' a y
Since w in (4.13) is a n arbitrary element of H , one obtains a n operator equation of the form (*) in Section l, namely Standard regularity methods (e.g., see [lo; 111) can now be used to show that the problems of finding classical solutions of (4.9), (4.10) and solutions of ( t ) in H are equivalent.
We require the following facts about the linear problem associated witn ( T) when y = 0, namely the problem 
The linear problem (4.19) is equivalent to the classical problem, for smooth u and p periodic with period 27r/cu in z, obtained by setting y = 0 and omitting the nonlinear terms in (4.9). It is sufficient to consider the solutions of We may now determine a complete solution of the linear problem (4.19).
Since c o s m and s i n a in (4.20) must have period 27r/cy in z, it follows t h a t the only wave numbers, a, corresponding to eigenfunctions having the required 19 period in z are those for which 2 = p 2 2 for some integer p. For each p(p = 1,2, * -) the eigenvalue problem (4.21) has a n infinite sequence of real, nontrivial solutions
Since ( -~, -4~, 4~) is a solution of (4.21) whenever (p,dl,&,) is a solution of (4.21), we may order the indices so that (4.23) $f(-q) = -4fq, &f'(-q) = 4fq, pp(-q) = -pPq, and 0 < pPl < pP2 < * .
Using this notation, we see from our assumption (4.22) on a that so t h a t P'pq > Po if (PA) # (POJ), q L 1.
The above discussion of the underlying problem (4.21) shows that the full eigenvalue problem (4.19 ) in H has the solutions (4.25) 1 = ppq and u = P q , p = 1,2, -* -; q = f l , f 2 , -* -,
where with $ f q determined by (4.20~). It follows as in (12, Appendix] that the eigenfunctions {Pq} may be assumed orthonormal in H , after rescaling by constants depending upon p and q, i.e., Since it follows as in part (iv) of Lemma 3.1 in [12] t h a t @: H X N -N , we see t h a t (H4) is also satisfied.
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To determine the coefficients a and c in the bifurcation equation and also the proof of Lemma 3.2 in [13)). Thus, r has the special form given in at which point it loses stability to a supercritical, stable roll-type solution given by (2.7) with p* = p, r* given by (3.4) with a = 0, and Go = @"' given by (4.2G).
As we now show, the above result implies t h a t the superposition of a
Poiseuille flow on a rotating Couette channel flow is, in general, destabilizing.
Recall t h a t X,(y) is given by a n expression such as (1. values of A that are greater t h a n X,(y) but less t h a n the critical eigenvalue, 
